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Introduction
All graphs considered in this paper may contain parallel edges or loops.
The odd-edge-connectivity of a graph G, denoted by λ o (G) , is the size of a smallest odd edge cut of G. For graphs with large odd-edge-connectivity, small edge cuts (of even size) may still exist. It is evident that odd-edge-connectivity plays a more important role than edge-connectivity in the study of some problems related to flow and even subgraph covers. However, there are not many results or methods developed yet to deal with small even edge cuts.
In this paper, we develop some methods to deal with small even cuts. For even degree vertices, the vertex splitting method (see Definition 4.8 and Lemma 4.9) is applied and the odd-edge-connectivity is preserved. For nontrivial small even cuts, contractions of k-tree blocks as contractible configurations (see Definitions 4.4 and 2.4) are applied. With those new methods, some earlier results in those areas are extended from λ-edge-connected graphs to odd-λ-edge-connected graphs (main results: Theorems 3.4, 3.7 and 3.11, Corollary 3.13).
The rest of the paper is constructed as follows. Notation and definitions are in Section 2. In Section 3, we show the main results of the paper. In Section 4 we provide lemmas used to prove the main theorems. Sections 5-8 are devoted to the proofs of Theorems 3.4, 3.7, 3.11, and Corollary 3.13.
Notation
The basic graph theory concepts and notation in this paper follow those of [3, 9] . For background reading on flows, etc. see [36, 18, 39] . ( an even subgraph is also called a cycle in many literatures related to this area).
Let G = (V , E) be an undirected graph and X be a nonempty proper subset of V (G). 
subgraphs of G. We use i F i to denote the subgraph of G induced by the edges that appear an odd number of times in {E(F 1 ), . . . , E(F t )}.
Definition 2.4.
A graph H is a contractible configuration for a given property P if, for any graph G containing H as a subgraph, G has property P if and only if G/H has property P. Circular flow, introduced in [12] , is a real line extension of integer flow problems. (See [39] , for a comprehensive survey on this subject, and see [7, 30, 27] , etc. for related results.) 
Flows
Definition 2.5. Let G = (V , E) be a graph. An ordered pair (D, f ) is an integer flow of G if D is an orientation of E(G) and f : E(G) → Z ,Definition 2.6. Let G = (V , E) be a graph. An ordered pair (D, f ) is a circular flow of G if D is an orientation of E(G) and f : E(G) → Q ,φ(G) = min D∈D max (A,B) |[A, B] D | |[B, A] D | + 1. For a flow (D, f ) of a graph G, let E f =h = e ∈ E(G): f (e) = h .
Even subgraph covers
Definition 2.9. Let G be a graph. A family F of even subgraphs of G is an even subgraph cover of G if every edge of G is contained in at least one member of F . F is called a double cover if each edge of G is contained in precisely two members of F . Definition 2.10. An even subgraph double cover
Main results

Flows and flow index
Integer flow was originally introduced by Tutte [32, 33] as a generalization of map coloring problems. One major open problem in the area of integer flow is the following conjecture. [3] , p. 157 of [9] , or Conjecture 1.1.8 in [36] .) Every graph with odd-edge-connectivity at least 5 admits a nowhere-zero 3-flow.
It is pointed out in [29, 17] that a 2-edge-cut does not exist in any smallest counterexample to some well-known flow conjectures and circuit cover conjectures. The 3-flow conjecture (Conjec-ture 3.1) by Tutte [3] was originally proposed for odd-5-edge-connected graphs. Kochol [20] proved that minimal counterexamples to the conjecture contain no 4-edge-cuts.
The following are two of the best partial results to Conjecture 3.1. [15] .) Every 4-edge-connected graph admits a nowhere-zero 4-flow. [11] .) If G is a 6-edge-connected graph, then the flow index φ(G) < 4.
Theorem 3.2. (See Jaeger
Theorem 3.3. (See Galluccio and Goddyn
Theorem 3.3 is further generalized in this paper.
Theorem 3.4. If G is an odd-7-edge-connected graph, then its flow index φ(G) < 4.
Nowhere-zero 3-flows
A weak version of Conjecture 3.1 was proposed by Jaeger.
Conjecture 3.5. (See Jaeger [15].) There is an integer h such that every h-edge-connected graph admits a nowhere-zero 3-flow.
The following is an approach to Conjecture 3.5. [23] .) Every 4 log 2 n -edge-connected graph with n vertices admits a nowhere-zero 3-flow.
Theorem 3.6. (See Lai and Zhang
Theorem 3.6 is further generalized in this paper.
Theorem 3.7.
Every odd-(4 log 2 n + 1)-edge-connected graph with n vertices admits a nowhere-zero 3-flow.
Parity subgraphs
It was proved by Tutte [34] and Nash-Williams [26] that every 2k-edge-connected graph contains at least k edge-disjoint spanning trees, and proved by Itai and Rodeh [14] that every spanning tree of a graph G contains a parity subgraph. The following theorem is an immediate corollary of these results.
Theorem 3.9. Every 2k-edge-connected graph G contains at least k edge-disjoint parity subgraphs of G.
It is well known that the search of parity subgraphs plays a central role in the proofs of some important theorems in the area of integer flows. For example, the 4-flow theorem (Theorem 3.2) is proved by Jaeger [15] with the following approach. [15] .) If a graph G contains two edge-disjoint parity subgraphs, then G admits a nowhere-zero 4-flow.
Theorem 3.10. (See Jaeger
The 8-flow theorem (Jaeger [15] ) was proved with a similar approach: Let G be a 2-edge-connected graph and 2G be the graph obtained from G by doubling every edge. It can be proved that 2G contains three edge-disjoint parity subgraphs, and therefore, G admits a nowhere-zero 8-flow. Theorem 3.9 is generalized in this paper for odd-edge-connectivity and, therefore, solves an open problem proposed in [35, 6, 36] . 
Circular even subgraph double covers
The concept of circular even subgraph double cover, as defined in Definition 2.10, was introduced by Jaeger [16] . 
Lemmas
Circuit decomposition
Lemma 4.1. Let G be an even graph containing a spanning tree T and A
⊆ E(G) − E(T ) with |A| = 2. Then G has a circuit decomposition C = {C 1 , . . . , C μ },
where each C i is a circuit, such that edges of A belong to distinct members of C.
Proof. Let A = {e 1 , e 2 }, and let C 1 be the circuit contained in T +e 1 . Note that G = G − E(C 1 ) remains even and e 2 ∈ E(G ). Hence, G has a circuit decomposition {C 1 , C 2 , . . . , C μ } where {C 2 , . . . , C μ } is a circuit decomposition of the even subgraph G . 2
Flows and orientations
The following lemma will be used in the proofs of some results and can be found in many textbooks (such as [36] ).
Lemma 4.2. An ordered pair (D, f ) is a flow of a graph G if and only if
The following lemma describes the relation between flows and orientations. [13] or see [2] .) Let 
Lemma 4.3. (Hoffman
k-Tree blocks
The following is one of the key concepts frequently used in the proofs of this paper. The following is the key lemma of this paper and will be used in the proof of Theorems 3.4, 3.7 and 3.11. By counting the numbers of edges needed for k edge-disjoint spanning trees, we can easily get the following lemma. [4] , also see [22] .) Let Vertex splitting is one of the commonly used techniques in areas of integer flows and even subgraph covers.
Vertex splitting
This operation was originally introduced by Fleischner [10] . By applying Fleischner's splitting lemma, one is able to prove that the smallest counterexample to the even subgraph double cover conjecture [28, 31] is cubic [17] , and the smallest counterexample to the 5-flow conjecture [33] is also cubic [15] . Furthermore, the 6-flow theorem was proved by first reducing the problem to being cubic [29] .
Fleischner's splitting lemma (which preserves the property of being bridgeless) was further generalized by Mader [25] for preserving edge-connectivity, and generalized by Zhang for preserving the odd-edge-connectivity (Lemma 4.9). [37] .) Let The following lemma is proved by applying Lemmas 4.2, 4.3 and 2.8. (D, f ) of G, G must have a bad cut. 4 The following lemmas are used in the proof of the main theorem whenever a vertex splitting occurs or a 2-edge-cut exists. Note that Lemma 5.4 can be easily proved. [29] .) Assume that {e, e } is a 2-edge-cut of a graph G. Let 
Lemma 4.9. (See Zhang
Lemma 5.2. Let G be a graph with φ(G) 4. Then φ(G) = 4 if and only if, for every positive 4-flow
Proof. Suppose φ(G)
Lemma 5.4. If G is a graph obtained from G by splitting a pair of incident edges, then φ(G ) < 4 implies that φ(G) < 4.
Lemma 5.5. (See Seymour
G be the graph obtained from G by contracting the edge e. Then φ(G ) = φ(G).
Let e be an edge of a graph G. Every odd edge cut of G/e is an odd edge cut of G, therefore, (ii) f (e) = i for e ∈ A i , 1 i 2.
Proof. Without loss of generality, we may assume
Let C e,i be the circuit contained in T i + e for an edge e / ∈ T i . Let
It is easy to see that C 1 and C 2 are even subgraphs, III. We claim that δ(G) 7 . Assume that there is a vertex v with degree at most 6. By Lemma 4.9, we can split a pair of edges away from v to get a smaller odd-7-edge-connected graph G . By the minimality of G, φ(G ) < 4. By Lemma 5.4, φ(G) < 4 as well, which is a contradiction.
IV. By III and Lemma 4.6, G contains some 3-tree blocks. Let {H 1 , H 2 , . . . , H a } be the collection of all 3-tree blocks of G and let G = G/{H 1 , . . . , H a }. By II, G is not 3-tree connected, so Lemma 4.7(ii) tells us that G does not contain a 3-tree block. Hence δ(G ) 5, by Lemma 4.6. Now δ(G ) cannot be 1, 3, or 5 since G is 7-odd-edge-connected as contraction does not decrease odd-edge-connectivity (by Observation 5.6). Part I tells us that δ(G ) cannot be 2 and so it must be 4. .
Since H 1 is a 3-tree block, it has three spanning trees Since H 1 is a 3-tree block, it has three spanning trees T 1 , T 2 and T 3 . Let A 2 = T 3 ∪ {a 1 , a 2 }, and
Let (D, f ) be an ordered pair of the entire graph G that the orientation D agrees with D 0 for edges in E(G * * ) = E(G) − E(H 1 ) and agrees with D 1 for edges in E(H 1 ), and let 
The concept of group connectivity was introduced by Jaeger, Linial, Payan and Tarsi in [19] as a generalization of integer flow problems. The following lemma shows that for nowhere-zero Z 3 -flow problems, the concepts of contractible configuration (see Definition 2.4) and group connectivity are consistent with each other. [8, 21] .) Let H be a Z 3 -connected subgraph of a graph G. Then H is a contractible configuration for having a nowhere-zero 3-flow.
Lemma 6.2. (See
The following two theorems were proved by Barát and Thomassen, and we will use the second one in our proof. Note these two theorems are also generalizations of Theorem 3.6. [1] .) Every 4 log 2 n -edge-connected graph with n vertices is Z 3 -connected. Proof of Theorem 3.11. By way of contradiction, we assume that G is the minimum counterexample with respect to the cardinality of edges and vertices.
Theorem 6.3. (See Barát and Thomassen
By Lemma 7.3, the minimum counterexample G is not a k-tree block.
If δ(G) = 2, then the suppressed graph G is smaller than the minimum counterexample G. G contains k edge-disjoint parity subgraphs, so G does. We claim that δ(G) 2k.
(
Otherwise, there is a vertex v with degree at most 2(k − 1 Proof. By Theorem 3.11, let P 1 , P 2 , . . . , P k be edge-disjoint parity subgraphs of G and let Q = G \ k i=1 E(P i ). If k is even, then Q is also a parity subgraph of G, thus we have a set of k + 1 edgedisjoint parity subgraphs whose union is the entire graph G. If k is odd, then k = (2 k 2 + 1) and Q is even. Thus, {P 1 , . . . , P k−1 , P k ∪ Q } is the parity subgraph decomposition of G. 2
Proof of Corollary 3.13
By Theorem 3.11, G has 2t edge-disjoint parity subgraphs {P 1 , . . . , P 2t }. Let 
Then P 0 is also a parity subgraph of G.
is a circular (2t + 1) even subgraph double cover of G. 2
